Abstract. We show that Mildenhall's theorem implies that the indecomposable higher Chow group of a self-product of an elliptic curve over the complex number field is infinite dimensional, if the elliptic curve is modular and defined over rational numbers. For the moment we cannot prove even the nontriviality of the indecomposable higher Chow group by a complex analytic method in this case.
Introduction
Let X be a smooth algebraic variety. Consider a finite number of rational functions g j on irreducible closed subvarieties Z j of codimension p in X such that div g j = 0 on X. This naturally appears, for example, when we study the kernel of CH p (Z) → CH p (Y ) for a closed subvariety Z of Y with X = Y \ Z. Such objects are called higher cycles. Modulo a suitable equivalence relation defined by tame symbols, they form a group which is denoted by H p (X, K p+1 ). Here K p+1 is the Zariski-sheafification of the Quillen K-group [15] , and the relation with the above description follows from the Gersten resolution. It is known (see e.g. [13] ) that this group is naturally isomorphic to the higher Chow group CH p+1 (X, 1), and the above relation to the Chow group is explained also by the localization sequence [4] .
If the g j are constant, a higher cycle (Z j , g j ) is considered rather trivial, and is called decomposable. The subgroup consisting of such cycles is denoted by CH p+1 dec (X, 1). We define the group of indecomposable higher cycles CH p+1 ind (X, 1) to be its quotient group. Since we often neglect torsion, we usually consider CH p+1 ind (X, 1) Q where the subscript of Q means the tensor with Q. If X is a variety over a field k which is not algebraically closed, it is sometimes useful to consider geometrically decomposable higher cycles, which are cycles whose base change by a finite extension of k is decomposable. We can define similarly the groups of geometrically decomposable (or indecomposable) higher cycles CH g-ind (X, 1)). It is often observed that constructing a nonzero element of CH p+1 ind (X, 1) Q for a given variety X is not an easy task. Most of the constructions over the complex number field consider a family of varieties with higher cycles, and show that for a general member the cycle is indecomposable (see e.g. [6] , [7] , [8] , [10] , [13] , [17] , [21] ). However, the situation is different over a number field. Mildenhall proved 0.1. Theorem ( [14] ). Let E be a modular elliptic curve over Q, and X the self-product of
If E has complex multiplication, let K be as above, and
Here |S| is the set of the closed points of S, End k(s) (E s ) is identified with a quotient of the Néron-Severi group NS(X s ), and the divisor map is defined by extending a higher cycle to the abelian scheme over S whose generic fiber is X. The proof uses modular units and p-Hecke correspondence to show that a multiple of the p-th power Frobenius belongs to the image of the divisor map, see also [9] , [18] . Unfortunately, it is not explained in [14] that Theorem (0.2) implies more than (0.1). In fact, we can deduce from (0.2) 0.3. Theorem. Let E, X and K be as above. Then CH
We can omit the hypothesis on the modularity of E in most cases due to Wiles [22] and others. In the CM case, this is classically well-known (due to Deuring). The proof of (0.3) uses a model of X, and is rather standard (see [2] , [3] , [16] , [20] ). It should be noted that we cannot prove the nonvanishing of CH 2 ind (X C , 1) Q by a complex analytic method for the moment. For example, the image of the cycle of Gordon and Lewis [10] in Deligne cohomology vanishes if E has complex multiplication.
I would like to thank Müller-Stach for drawing my attention to Mildenhall's paper [14] and also for useful discussions.
1. Proof of Theorem (0.3) 1.1. Let E, X, K, N and S be as in the introduction. Let E be the abelian scheme on S whose generic fiber is E. Let X = E × S E so that the generic fiber of X is X. Recall that K is a quadratic imaginary field if E is CM-type, and
where O L is the ring of integers of L. We have
(see e.g. [19] , II.2.2), where
It is an abelian scheme over S L , and is the Néron model of E L (see [5] ). So the restriction induces an isomorphism
For s ∈ |S L |, let k(s) denote the residue field of s, and E s , X s the fiber of E L , X L at s. If s ′ ∈ |S| underlies s, then E s is the base change of E s ′ by k(s ′ ) → k(s) (and similarly for X s ). For s ∈ |S L |, the restriction map together with (1.1.3) induces
We denote its image by End k(s) (E s )
GCM Q (GCM for global complex multiplication). We have a canonical isomorphism
by the theory of algebraic correspondences. In particular, End k(s) (E s ) is identified with a quotient group of the Néron-Severi group NS(E s ).
Lemma.
For s ∈ |S L | over s ′ ∈ |S K |, the push-forward of cycles induces
Proof. The pull-back of cycles induces an isomorphism
because the left vertical morphism is an isomorphism. Then the assertion follows from the fact that the composition of the pull-back and the push-down of cycles under a finiteétale morphism is the multiplication of the identity by the degree.
Proof of (0.3).
Since the composition of the pull-back and the push-down of higher cycles under the morphism X L → X K is the identity multiplied by [L : K], and the divisor map is compatible with the push-down of cycles, we see that the images of geometrically decomposable cycles by the divisor map
GCM Q due to (1.2). In the CM case, it is known that there are infinitely many s ∈ |S K | such that k(s) = F p 2 and E s is a supersingular elliptic curve, i.e. dim Q End k(s) (E s ) Q = 4, see e.g. [11] , [14] . Indeed, if (D/p) = −1 with
, then a prime number p, which is identified with s ′ ∈ |S|, does not split in K, and E s ′ is supersingular, see e.g. [11] , 13, Th. 5. The existence of infinitely many such p follows from the Tchebotarev density theorem or the Dirichlet theorem together with the quadratic reciprocity law. In this case, the characteristic polynomial of the p-th power (geometric) Frobenius is T 2 + p as well-known, so that the action of the p 2 -th power Frobenius is −p, and the p-th power Frobenius is not contained in End
From this we can deduce
if we know the injectivity of
To show this injectivity, let ζ ∈ CH 2 (X K , 1), and assume ζ ⊗ K C ∈ CH 2 (X C , 1) is decomposable. Then there exist a finitely generated K-subalgebra R of C, divisors
where {f j , g j } denotes the tame symbol. Restricting to a general closed point of Spec R, we may assume R is a finite extension of K by replacing Z i , α i , f j , g j with their restrictions to the fiber over the closed point. Then (1.3.4) means that ζ is geometrically decomposable, and the assertion follows.
1.4. Remark. It does not seem easy to construct explicitly an indecomposable higher cycle on a self-product of an elliptic curve of CM type. For example, we can show the vanishing of the image of the cycle of Gordon-Lewis [10] by the transcendental part of the Abel-Jacobi map (i.e. by the integral along a non closed C ∞ chain, see [12] ). Indeed, the cycle depends actually on the choice of the function f which comes from a rational function on P 1 (underlying E 1 ), and we can move the zero of this function toward the pole so that the above C ∞ chain becomes smaller and smaller, but the image stays constant due to the rigidity of Beilinson [1] and Müller-Stach [13] . However it seems also difficult to show that this higher cycle is really decomposable. This is related to the problem on the injectivity of the reduced Abel-Jacobi map (see e.g. [17] ).
